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Abstract

The representation of linear operators in d-dimensional sepa-
rable periodized compactly supported orthonormal wavelet bases is
giwen. A closed form formula for the nonstandard matrix repre-
sentation of differential operators 0., and g(0y,,...,0x,), where g
1s an analytic function, is obtained.
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1.- Introduction

Beylkin, Coifman and Rokhlin [2] (see also [3]) introduced the non-
standard representation of an operator and its asociated matrices in or-
thonormal wavelet bases. Then Beylkin [1] studied the nonstandard matrix
representation of operators in one-dimensional compactly supported wavelet
bases. These results were used by Beylkin and Keiser [4] in the adaptative
numerical solution of evolution equation in one temporal and one spatial
dimensions. The work of Beylkin was generalized by Hajji, Melkonian and
Vaillancourt [8] to two dimensions using separable periodized compactly sup-
ported orthonormal wavelet bases and was used to solve partial differential
equations numerically [9].
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16 Patricia M. Morillas

As we know, most practical problems are set in multiple dimensions.
The aim of this work is to give a complete version of the matrix represen-
tation considered in [8] to possible application in the numerical solution of
partial differential equations in any dimension. We state this representation
in a multidimensional setting with different moments in each direction. We
consider the linear differential operators 0,, and ¢g(0,, ..., 0x,), where g is
an analytic function, obtaining a closed form formula for the nonstandard
matrix representation. We use wavelets with vanishing moments to obtain
an effectively sparse matrix representation. An effectively sparse matrix
is one that differs from a sparse matrix by a matrix with an arbitrary small
norm. In this work we consider the compactly supported wavelets con-
structed by Daubechies [5]. We use a periodized version of these wavelets
to consider the multiresolution analysis of a function on an interval and to
obtain a close form formula for the matrix representation of the differential
operators.

In the rest of this Section we collect some basic facts which we need
throughout the paper. Then in section 2, we review multiresolution analysis
and wavelet bases of both L?(R) and L?(R%) with d > 2. In section 3, we
consider the standard and nonstandard representations of a linear operator
introduced in [2]. In section 4, the nonstandard matrix representation of
a linear operator is discussed. The nonstandard matrix representation of
multidimensional differential operators d,, and ¢(0,,, ..., 0z,), where g is an
analytic function, is considered in sections 5 and 6, respectively. In section
7, some general aspects about the application to the numerical solution
of partial differential equations are presented. Finally, some concluding
remarks are given in section 8.

Given a function f € L*(RY), j € Z and k € Z* we set

(1.1) Fin(x) =292z — k)

When we need to give the coordinates of k = (ky, ..., kq) explicitly, we
write fj ..k, instead of f;i. We denote with (.,.) the inner product
in L2(RY). If f; € L2(R?) for i = 1,...,d, we denote with ®%_,f; the
tensor product of the functions f;, i. e., ®%_, fi(x1, ..., wq) = f1(w1)...fa(xa).
Clearly, (®f, fi)j1 = 1 (fi)k-

In order to obtain the results considered in this paper, we introduce a
product between multidimensional matrices, and suitable transformations
of multidimensional matrices into ordinary matrices, and viceversa. Let P
be a d-dimensional block matrix of type (m,n), i.e., a d-dimensional matrix
of order m with d-dimen-sional block matrices of order n,

Ei,...k _
pPhika o ka=1,..,m,
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with entries

Eiyeoska B
ot s la=1,00m,

and let D be a d-dimensional matrix of order n, with entries
Dl17~~~7ld7 Zla ---,ld = 1, ceey T

Then P ® D is a d-dimensional matrix of order m with entries given by

(PQD)kl,m,kd = § , P .ldlelv---yld'
I,y

I,...,

Considering the indices (k1, ..., kq¢) and (l1,...,14) in a lexicographic or-
der,we associate a vector to a d-dimensional matrix D of order n and a
matrix to a d-dimensional block matrix P of type (m,n). Concretely, we
associate with D the n%-dimensional vector d with entries Dy, .1, and with
P the m? x n? matrix IP which (k, ..., kq)-row is the vector associated with
PFi-ka Thus the vector associated with PO D is P® D is Pd. Conversely,
given a vector of dimension n? and a m¢ x n¢ matrix, we can associate to
them a d-dimensional matrix of order n and a d-dimensional block matrix
of type (m,n), respectively, by the inverse of the procedure just described.

A matrix C of order m is circulant, if
Cit1,j+1 =Ci;,Ci1=Cimgm, fori=2, ..., m

A block circulant matrix B of type (m,n) with circulant blocks, has the

form
Biy -+ Binm
B = : :
Bm,l e Bm,m

where each block By, ;, of order n, is circulant and B is block circulant.

We recall that if A = (a;;) and B = (b;;) are m x n and p X ¢ matrices,
respectively, then the Kronecker (or tensor, or direct) product of A and B
is the mp x ng matrix A ® B defined by

allB e alnB
A®B= :
amiB - amnB

We have (A® B)™! = A=! @ B!, The Fourier matrix F,, of order n is the
matrix with entries

]_ s}
(Fn)kg = %6_27%_1)”_1), k,il=1,...n
The inverse Fourier matrix F,' of order n is the adjoint (the conjugate trans-
pose) of F' (F*F = FF* =1).
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2.- Wavelet Bases

In this section we review some aspects about wavelets. In section 2.1.
we review the theory of multiresolution analysis and wavelet bases of L?(R?).
In section 2.2. we discuss Daubechies’s compactly supported wavelets.

2.1.- Multiresolution Analysis and Wavelet Bases of L?(R?)

We begin considering the one-dimensional case.

Definition 2.1. A multiresolution analysis (1-D MRA) of L?(R) is a se-

quence of closed subspaces (V;);cz of L?*(R) such that

(i) ...cVicVycWC..

(i) Ujez Vj is dense in L?(R) and Njez Vi = {0}.

(i) f(z) € V; & f(20) € Vjr.

(iv) f(z) eV & f(e—277k)e Vj, forall k € Z.

(v) There exists a function ¢ € Vj, called a scaling function, such that the
set {¢ok; k € Z} is an orthonormal basis of Vj.

It is important to note that a multiresolution analysis is also defined if
the set {¢o.x; k € Z} is merely a Riesz basis of Vj.
Since ¢ € V C Vi, there exists a sequence {hj }rez, such that

(2.1) ¢ = th¢1,k
k

Equation (2.1) is known as the dilation equation, the two-scale difference
equation, or the refinement equation. We shall refer to it by the later name.
We also have that the collection of functions {¢; x; k € Z} is an orthonormal
basis of V;.

Associated with Vj; is the space W, defined as the orthogonal comple-
ment of V; in Vj4, i. e., Wj is the space that satisfies

Vipn=V; & W;
From conditions (i)-(ii) of Definition 2.1 it follows that

L*(R) = P W;

A wavelet is a function ¢ such that the collection of functions {¢ x; k €
Z} is an orthonormal basis of Wy. Therefore, the collection of functions
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{;r; 4,k € Z} is an orthonormal basis of L?(R). The wavelet ¢ satisfies
an equation similar to the refinement equation for the scaling function ¢,

w - ng¢1,k7
k
where
gk = (=1)"h_py1.

Now we discuss the d-dimensional case. We consider separable mul-
tiresolution analysis of L?(R?) (for other kind of multiresolution analysis
see [10]). We begin introducing some notation.

Let (W]Q’Z) jez, be multiresolution analyses of L?(R) with scaling func-

tions ¢*' and wavelets ¢?, where i = 1, ..., d. Define the spaces

(
1) ...CV_1CVygC V...
2) Ujez V; is dense in L?(R?) and Njez Vi = {0}
)
)

The scaling function associated with (V;),cz is

d
(2.2) o =) ¢
=1

Since the set {gb?’,i; k € Z} is an orthonormal basis of W]Q’i, then the
set

(2.3) (B ke ZY

is an orthonormal basis of V;. Let W; denotes the orthogonal complement
of V;in V4, i. e., W; is the space that satisfies

Vin=V; oW,
Let E = {0,1}¢\ (0,...,0) and let le’i be the orthogonal complement
of W]Q’i in W]Qfl. For e € E we set

e e,l eq,d
We=Wl . oW
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and

e — ¢€1,1 ®R..0 (z)ed,d_
Then
(2.4) W, =P ws,

ecFE

(V¢ ;e€ E.ke Z")

is an orthonormal basis of hboxW ;, and
(VS sec B.ke Z%j e Z}

is a separable orthonormal wavelet basis of L2(R?).

2.2.- Compactly Supported Wavelets with Vanishing Moments

In this section we present Daubechies’s compactly supported wavelets.
For the details we refer to [5].
Daubechies’ scaling function satisfies the refinement equation

L—-1
(2.5) = hmo1m,

m=0

and the wavelet function satisfies

L—1
(2.6) Y= gmbim,
m=0
where
(2.7) gm = (—1)"hp—m-1,m=0,1,..., L —1,
and

(2.8) /00 ¢(z)dr = 1.

Both the scaling function ¢ and the wavelet function ¢ have support in
[0,L — 1]. The coefficients {h,,}~_4 are chosen so that {¢;;j,k € Z}
is an orthonormal basis and, in addition, the function ¢ has M vanishing
moments
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(2.9) / Y(x)x™dxr =0,m=0,1,....,M — 1.

The coefficients {h,, 71;1;10 and {gm 71;1;10 in 2.5 and 2.6 are quadrature
mirror filters. Once the filter {hm}fn;lo has been chosen, it completely de-
termines the functions ¢ and 1. The numbers L and M are related. For the
wavelets in [5], L = 2M. If additional conditions are imposed (see [2] for
an example), then the relation can be different, but L is always even. From
(1.1), (2.5) and (2.6) it follows that

L-1

(2.10) Pjle = Z W @j+1,m+2k
m=0
L-1

(2.11) Uik = D Gm®it1mi2k
m=0

Now we consider the d-dimensional case. For ¢ = 1,....d, let scaling
functions ¢%¢ with refinement equations

L;—1
(2.12) o0 =) T,
m=0

and wavelet functions ¢! that satisfy

L;—1
i i 1,2
(2.13) Pl = Z hay Prm
m=0
where
(2.14) hbi=(=1)"hy _,m=0,1,.., L1,

For k € Z% and e € E, let

_ 30,1 20,d
Hpyooomy = hm1~~~hmd
and

e __ pe1,l ed,d
Gml,...,md - hml '“hmd
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The d-dimensional separable scaling and wavelet functions are compactly
supported in x¢_, [0, L;] and satisfy

Li—1 Lg—1

(215) ¢ = Z Z Hml,...,mdq)l,ml,...,md

m1:O deO

Li—1 Lg—1

(2.16) U= > Gy ®imm,

m1=0 mq=0

where e € E. For each j € Z, k € Z% and e € E we also have

Li—1 Lg—1
(2'17) <I>j7k17---7kd = E : E : Hml7---7mdq)j+1vm1+2kly~~~ymd+2kd

m1=0 mqg=0

Li—1 Lg—1
e _ e
(2'18) gki,..kq — E E Gm1,...,md®j+17m1+2k17~~7md+2kd

m1:O deO

Here we use [0, 1]%-periodic wavelets [6]. The [0, 1]%-periodic scaling
function and wavelets are defined by the formulae

Z Z Pjkr,kg (X1 — 1,y — 1h)

hWeZ la€EZ

and

D W, @il o =), e€E,

hWeZ laeZ

respectively. In this case, the subspace V; has dimension 2% with orthonor-
mal basis

(2.19) {® 1y kai K1y ka=0,...,27 — 1},

d

whereas W has dimension (2¢ — 1)2% with orthonormal basis,

(2.20) {8 k€€ E ki, ka=0,..,2" —1}.

]7k17'
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3.- The Standard and Nonstandard Form of an Operator

We discuss in this section the standard and nonstandard form of an
operator introduced in [2] (see also [1]). Consider a multiresolution analysis

(3.1) (Vj)jez

of L?(R%), constructed as in the previous section, and the orthogonal pro-
jection operators P; : L?(RY) — V; and Q; : L*(R?) — W, with Q; =
Pj 11— P;. The standard form of an operator T': L2(R%) — L%(R%) in (3.1),
is the representation of 1" as the collection of triplets,

(3.2) T ={4;{Bl}jr<j1,{CI}jr<i1}iem,
where

(3.3) A; = Q;TQy,

(34) Bg, = QjTQj’7

(3.5) ¢, = QyTQ;.

The nonstandard form of 7" in (3.1), is the collection of triplets,

(3.6) T ={A;,B;,Cj}jez,
where

(3.7) Bj = Q;TF;,
(3.8) C; = PTQ;.

In numerical schemes, one considers a finest space V,, and a coarsest space
V,._ s, where J is the depth of the multiresolution analysis, i. e., we consider
a "truncated” version of (3.1),

(3.9) (V)3

j=n—J
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The standard form of 7" in (3.9) is given by the set of operators

(3.10) o o . .
T = {4, (B3}, s A Bl Fo g T st g<jsn—1,
where .
E! . =Q;TP,_;,
F!_, =P, TQ;,
(3.11) To_y = Po_yTP,_;,

whereas the nonstandard form of 7" in (3.9) is given by the set of operators

(3.12) Tn ={{4;,B;,Ci}n—y<j<n,Tn—s}.

In the sequel we only consider the nonstandard form of operators since
it is a simple matter to obtain a standard form from the nonstandard form
2]. By (2.4), Q; is the sum of the orthogonal projections Q) onto W5 with
ec E i e,

(3.13) Q=Y Q5

ecFE

From (3.13), the operators A;, B; and C; in (3.12) are given by the sums,

(3.14) A=Y A = Y QiTQs,

e,e’€E e,e’€l

(3.15) Bj=)Y Bi= > QTP

eck ee'cel

(3.16) Ci=>Y Cy=> PTQS,

ecE eeFE

Thus, the nonstandard form (3.12) of T' can be written as

(317) Tn = {{A?e ) Bja Cj}anSan;e,e’GEa Tan}~
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4.- The Nonstandard Matrix Representation of a Linear Operator

In this section we consider the nonstandard matrix representation of
a linear operator in the d-dimensional separable periodized compactly sup-
ported wavelet bases presented in section 2.2.. In what follows, the linearity
of T, P; and Q% and the bases (2.19) for V; and (2.20) for W; are used.
We also note that since the wavelets are periodic, all the matrices will be
considered as 27-periodic.

4.1.- The Coordinate Matrices of P; and @);.

If f € L2(R?) is [0, 1]%periodic, the coordinate matrix s/ of P;(f) has
entries

(4.1) Soprooa = Pkt oea)

and

271 271

(4'2) P](f) = Z e Z 8‘]117...,kd(pj,k1,...,k}d

k1i=0 kq=0

From (3.13),

(4.3) =) Z Zd?f, ok Yk kg

e€E k1=0 k4=0

where the entries d _k, Of the coordinate matrix d®J of Q5(f) are given
by
(4'4) dzvlj,,k?d = <f, \I!§7k17"~;kd>

Since V; = V;_; @ V;_4, the d-dimensional fast wavelet transform
(FWT) decomposition is obtained by lowpass and highpass filtering with
downsampling;:

L;—-1 Lg—1
Jj—1 _ E E J
(4'5) Skl,...,kd - ot Hml7---:md8m1+2k1,...,md+2]€d

m1:O deO

Li—1 Lg—1
e,j—1 E: } : J
(46) dkl, coka T Gmh maSmi+2ky ..., ma+2ky

m1:O mqag= =0
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whereas the d-dimensional inverse fast wavelet transform (IFWT) recon-
struction is obtained by upsampling and filtering:

(4.7)
M;—1 Mg—1

s = H st
2k14+A1,...,2kg+Ag o 2mi+A1,..,2mat+Aa 9k —mi,....,kg—myq

m1:O deO

M;—1 Mg—1

e e,j—1
+§ : z : 2 : G2m1+>\17~~~,2md+>\ddklfml,...,k:dfmd

ecE m1=0 mq=0

where A € {0, 1}

4.2.- The Coordinate Matrices of the Nonstandard
Representation of T,

The operators Aj’el, Bf, C% and T; are represented by the d-dimensional
matrices of type (27,2"), A&¢' Bie (9 and TY, respectively, with entries
given by

. ’
jr.e.e ka1, kag e e
(4'8) Akl,...,kﬁd - <quj,k31,...,kd7 j7kd+17--~7k2d>

(4.9) Bpokarekd (g0

i )
Jrkat1se-,k2q

(4.10) C]]gi”f];l = <T\I'§,k1,...,kd7 (I)jakd+17--~7k2d>

(4'11) Tlghftli:d = <Tq)j,k1,m,/€d7 ¢j:kd+17~~~7k2d>

From (2.17) and (2.18), the entries of the above structures can be obtained
from T™ by the formulae:

j767el7kd+17---7k2d
Ky, kg

Li—-1 Log—1

_ § : e e jt+1l,mar1+2kay1,...,maa+2kaa

(4'12) - Z Gml7---7demd+1,~~~,m2dTm1+2k1,...,md+2kd )
m1:O m2d20



Representation

Jre,kat1,---,k24

of Differential Operators

ki, kg =
Li—1 Log—1
_ § : § : e jt+1l,mar1+2kay1,...,maa+2kaq
(413) = Hml,...,dederl,...,mgd mi1+2ki,....mq+2kg
m1:O m2d20
Jrekat1,--k2d
ki, kg =
Li—1 Log—1
_ § : § : e jt+1,mayr1+2kay1,...,maa+2kaa
(4']‘4) - o Gml,...,demd+17~“am2d mi1+2ki,....mq+2kg
m1:O m2d20
Jrkd+1,--sk2a
ki,....kq
Li—1 Log—1
_ E E J+1mar1+2kgy1,...,maqg+2kag
(4'15) - A 'Hm17"';md'Hmd+17"'ﬂm2d m1+2k1,...,md+2kd :
m1:O m2d20

In terms of the operation ® we have

) 271 291
., ;.
A5 () = DY (AP0 d )y kY
k1=0 kq=0
271 291
Bi(f)=> Y (B0 ks kaYkr
k1=0 kq=0
201 291
Cof) = . > (C7 O d™Npy, k@i ks
k1=0 kq=0
271 291
T](f) = Z(TJ @Sj)kl,...,kd(pj,kl,...,kd
k1=0 kq=0

4.3.- The Calculus of T},

In practice, the application of an operator T to a [0, 1]%-periodic func-
tion f € L?(RY), is approximated by the application of the operator T}, to
f. Since the associated matrix 7™ may be dense, but the representation
(decomposition) of T™ down the multiresolution analysis give rise to sparse
matrices, to calculate T,,(f) the following steps are followed:

Step 1: Obtain the coordinate matrix s™ of P,(f) whith entries

Sky ...k, Siven by (4.1).
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Step 2: Using (4.5) and (4.6), from s™ obtain recursively the matrices
s/ and d®J for j=n—1,...,n—J.

Step 3: Using (4.11), construct the matrix 7.

Step 4: Using (4.12)-(4.15), construct recursively the matrices Adree’
Bi€ C¥¢and TV, for j=n—1,...,n—J,

Step 5: Calculate T),(f) using its nonstandard matrix,

T.(H= > |D Z Zdi’f,, Gkt ook

j=n—J |e€E \k1=0 ky=0

+ : : : :Skl J7k17 7kd

k1=0 kq=0

(4.16)

where
~ . . ’ A -/ -
deaj — g AJ7€7€ @ de 5] _|_ BJ7€ @ 8],
e'ck

g.j = Z CjVe @ devj,

ecE

forj=n—J+1,...,n—1, and

_ Z Cme,e ® de,nf(] _f_Tan o San_
eeE

The matrix coordinates s™ of the function f = T, (f) can be recon-
structed from the coefficients d®? and 37 of the NS-representation of f for
j=n—J,...n—1, e € E, by the following pseudo-inverse fast wavelet
transform. First, we construct 8"~7/*1 from 577 and d®"~ 7 using (4.7),
and set s"~/+l = gn=J+l L gn=JH+1 Then, for j =n—J +1,...,n— 2,
§7*1 is constructed from s/(= 47 4 57) and d*7 by means of (4.7), and
st = g1 4 g7+ Finally, for j = n—1, s" is constructed from s"~! and
d®"~! by means of (4.7).

Next, we use the results of this section to construct the nonstandard
matrix representation of the linear differential operators 7' = 0,, and T =
9(Oyys -, Oz,) where g is an analytic function. We only compute 7" because,
as we saw in this section, the matrix representation of the nonstandard form
of a linear operator T is completely determined by T™.
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5.- The Nonstandard Matrix Representation of J,,

It is convenient to introduce now the autocorrelation coeflicients of
{hq, }Lifl
mJIm=0>

L;—1—k

(5.1) a, =2 >  hihl  k=1,..,L—1,
m=0
and the coefficients
(5.2) = (o0 Lg0iy ez
. l 07l’dx 5 .

The coefficients r} can be determined with the help of the following
proposition (see [1]).

Proposition 5.1. (1) If the integrals (5.2) exist, then the coefficients 7},
| € Z, satisfy the following system of linear algebraic equations:

Li/2

(5.3) rj = 2rb + Z abp—1 (P21 + Thipor—1)
k=1

with

L;—2 i_
Zl:—(Li—?) Irp = =1,
(5.4) ri, = —rl
rli = 0, for [ ¢ [_(Lz - 2)7Lz — 2],

(2) If M; > 2, where M; is the number of vanishing moments of ¢,
then equations (5.3) and (5.4) have a unique solution with 7} # 0 for
l=—-L;+2,...,L; —2 and ril = —rf.

Remark 5.2. Note that the range of the nonzero rli is easy to see, since
the scaling functions are supported in [0, L; — 1].

Remark 5.3. If M; = 1, then equations (5.3) and (5.4) have a unique
solution but the integrals (5.2) may not be absolutely convergent (see [1],
Remark 1. for an example).

Since ¢2’fki, i =1,...,d, is an orthonormal basis, from (4.11) with 7' =

0, and j = n, we have
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(5.5)

(6331)217(1‘%7]2(1 2d - <6$1 (pn,kl,...,kd) (pn,kd+1,...,k2d>

="yt )
- kgri—kiO(ke,okio1,kivr,ka),(Kayis-kapi—1,kdrit1,e-k2d)

The only nonzero line of (9,,)™Fa+1:+k2d i given by

n7kd+l7'“7k2d _ n. i R n
(8$i)kd+17--~7kd+i—17ki7kd+i+17---7k2d =2 Tkayi—ki ki=0,..,2" -1

In particular, the only nonzero line of (9,,)™% - is given by

(5.6) @)y 00 =2"" 0, ki =0,..,2" — 1.

This line is the 2™-dimensional vector

ni i i i i
2"0,7r" 4, ..., (=2, 0o 0,77 o e, ri].

The matrices (9,,)™Fa+1:*2d¢ are obtained from (9,,)™% % by means
of the formula:

P n,kqi1,--kdri—1,ka+i+1,kaq41,5---.k2d
(0z,)

ki,....kq -
n7kd+l7"~7k2d : .
(5.7) { (3xi)kll,c...,kj,ll;kj—1,kj+1,...,kd if kj 70
n,Rd+1,---,K2d . R
(8$i)k)l,...,kj,1,2n—1,kj+1,...,kd lf k] - 07

6.- The Nonstandard Matrix Representation of ¢(9,,,...,0y,)

Let g be an analytic function. There are two approaches to construct
an approximation of the operator ¢(9y,, ..., 0z,),
(i) Compute the function g of the projections of 9,,, i = 1, ..., d, onto Vy,,

9(PpOy, Pny ..., PnOy, Pr)
(ii) Compute the projection of g(0y,, ..., 0z,) onto Vy,
P,g(0z,y ..., 0z,) Pn

The difference between these two approaches depends on how well the
absolute value square of the Fourier transforms of the scaling functions act
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as cutoff functions. The choice may depend on the applications [4]. Here we
analyze the first approach. Because of (5.7), the 29" x 29" matrix D; associ-
ated with (9,,)", i = 1, ...,d, is a block circulant matrix of type (2(4=17 27)
with circulant blocks. Therefore (see, e. g., [7] p. 128)

(6.1) DrL - (FQ*(d—l)n ® F2*n) AZ (F2(d71)n ® F2n)

where A; is the diagonal matrix containing the eigenvalues of D;. Concretely,

A=) QF @A
k=1

where m = 2(@=1" Q_is the m x m diagonal matrix given by

27i

Q= diag(1, W, W2 ... W™ 1) with W,,, = e,

and A; i, k = 1,...,m, are the diagonal matrix containing the eigenvalues of
the circulant blocks of D;. If A»* is the vector containing the entries of the
diagonal of A; ;, and

8172(‘171)”
where (§,~71, e §i72(d—1)n) is the first row of D,, then

Az’,l
1 .

*
Di71F2n - —n :
V2 Ai72(d—1)n

Remark 6.1. If ¢ # d, then D;; has nonzero elements only in its first
column and in its (2(4==U"k; + 1)-row, k; = 0, ...,2" — 1. The matrix Dy
has nonzero elements only in its first row.

Since g is an analytic function, then g(P,0;7 Py, ..., P,0;¢ P,,) has ma-
trix representation given by the block circulant matrix with circulant blocks,

T" = g(Dy, ..., Dy)

(6.2) . .
— ( 2(d—1)n X FQH) g(Ab sy Ad) (FQ(d—l)n ® FZ”)

where A = g(Aq, ..., Ag) is the 29" x 29" diagonal matrix with entries given
by
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App = 9 (A1) 0o (R, )
p=1,..,2% Let

({1, ...,{2((171)71)
be the first row of T™ and set

51
n __ .
10" =
toa—1)n

From (6.2),

n 1 A
T]_ — \/%FQ(d—l)nAFQH

where A is the 2(4=17 x 27 matrix given by

Al

—
e
w

N—
=

I

(d—1)n

A2

N = (M) G—y2n41,Gi—1)2n 41 s (M) G—1)2m 420 (j—1)2n427) 5
j=1,..20@d"1n

Letj\i be the matrix obtained from A? by the same procedure for ob-
taining A from A in (6.3). We have

/~\i =V 2an2*(d71)nDi,1F2*n'
Then
A=g < V2Ir Sy 1y D11 Fon,y .oy V anF;(d*D”Dd’lF;”) '

Therefore,

(6.4)

1
Ty =

V2

There are two special cases of the function ¢(9,,, ..., 0x,) worth con-
sidering. Let first ¢(0y,, ..., Oz,) = Oy,. From (6.4), in this case 17" = D, 3
as expected. Let now ¢(0y,, ..., 0z,;) = g(0x,). By Remark 6.1 and (6.4), if
t # d then T7" has nonzero elements only in its first column, and if i = d,
then 77" has nonzero elements only in its first row.

FQ(d—l)ng <V 2an2*(d,1)nD171F2*n, ceey \% 2an2*(d71)n-Dd71F2*n) FQn.
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7.- Application to Partial Differential Equations

In this section we collect some general observations from [4] and [9],
about the application of the nonstandard form representation of an opera-
tor to the numerical solution of partial differential equations. The applica-
tion of the particular representation presented in this paper with numerical
experiments, will be the subject of future investigations.

To apply the nonstandard form representation of an operator to the
numerical solution of a partial differential equation the following steps are
considered:

Step 1: Discretize the partial differential equation to obtain an implicit
difference equation with operator coefficients.

Step 2: Obtain the matrices of the operators appearing in the differ-
ence equation.

Step 3: Obtain the matrix s™ of P,(fy), where fy is the initial value
of the problem.

Step 4: From s" obtain the matrices s/ and d®’ for j =n—1,...,n—J.
Step 5: Solve the implicit difference equation by applying the operator
to get 9, 0, for j=n—J,..,n—1, e € E,

Step 6: Reconstruct s™ using the pseudo-inverse fast wavelet trans-
form.

The goal of any wavelet method to solving differential equations is es-
sentially to use the fewest number of expansion coefficients to represent the
solution since this leads to efficient numerical computations. Wavelet ex-
pansions distinguishes between smooth and shock-like behavior. In smooth
regions few wavelet coefficients are needed and, in singular regions, large
variations in the function require more wavelet coefficients. The wavelet ex-
pansion of functions that are solution of partial differential equations having
regions of smooth, nonoscillatory behavior interrupted by a number of well-
defined localized shocks or shock-like structures, have differences d*7 that
are sparse and averages s/ that may be dense. The adaptive application of
the nonstandard form representation of an operator to a function, makes use
of the sparsity of the matrices Aj’e’el, Bi¢ (3¢ and T7, and the differences
A, j=n—1,...,n—J, e € E, to rapid evaluation of (4.16).

An important class of partial differential equations to which the repre-
sentation presented in this paper could be applied are nonlinear evolution
equations of the form:

(7.1) ug = Lu+ N f(u), uo = u(to, z), z € [0,1]
with periodic boundary conditions:

w(t, 1y ey ©i—1,0, i1,y ooy q) = w(t, Ty, ooy Tim1, 81, Tig1, .o, Tq)
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Here £ and N are independent of ¢, and f is typically nonlinear. The
nonstandard form representation of an operator in wavelet bases to solve
this type of equations is considered in [4] and [9] for dimensions d = 1 and
d = 2, respectively.

8.- Concluding Remarks

In this paper we have presented the representation of linear opera-
tors in separable d-dimensional periodized compactly supported orthonor-
mal wavelet bases with different moments in each direction. A closed form
formula for the nonstandard matrix representation of multidimensional dif-
ferential operators 0,, and ¢(0;,, ..., 0x,), where g is an analytic function,
was obtained. These results can be applied to the numerical solution of
partial differential equations. In particular, the use of different moments
in each direction could permit us to work with differential operators more
efficiently.

It is important to note that the periodization used here, is the simplest
way to consider the multiresolution analysis of a function on an interval,
but we might introduce an artificial singularity at the boundary. A more
efficient approach would be to use wavelets on an interval [6].
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